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Introduction
A t-design &(t, k, v) is a pair S = (P, B), where B is a collection of k-subsets (called blocks) of a set P of u points, such that every t-subset of P is contained in exactly A blocks. A t-design is said to be with repeated blocks if B contains at least two distinct elements representing the same subset of P; otherwise, it is said to be simple. A t-design is trivial if every k-subset of P is a block and occurs precisely m times in B. In fact, we are interested in constructing non-trivial simple designs, but our construction process may use trivial designs or designs with repeated blocks.
Let S = (P, B) be an &(t, k, v), let I be an i-subset of P with 0 6 i c t and let iii be the number of blocks of S containing I. It is well known that di=A(;rr!)/(:_f).
We have & = A and AO, which is the number of blocks of S, is also denoted by b.
If S = (P, B) is an &(t, k, v) with t 3 2 and if x E P, the structure S, = (P,, B,), where P,=P-{x} andB,={B-{x} ( x E B EB}, is an &(t -1, k -1, v -1). If k < v, the structure S' = (P, B'), where B' = {B U {x} 1 B E B, x E P -B}, is a design S,. has no repeated blocks containing X, S' is simple if and only if IBi rl BZI <k -2 for every pair {B,, B2} of blocks of S. Let S, = (Pi, B,) and S, = (P,, BJ be two designs with the same block size k. We will say that S, and S, are disjoint if B1 # B2 for every B, E B1 and B2 E B2. Of course, if IPi n P21 <k then S, and S, are disjoint.
Van Trung [3] proved that if there exists a simple &(t, k, v) with vb(b -A,) < (i) then there exists a simple SAp(t, k, v + 1) where A' = n(v -t + 1). Magliveras and Plambeck [2] In Section 2, we use the same idea to prove that if S is a, not necessarily simple, S,(t, 1, v) and if S' is a simple S,,(t, k, I) having b' blocks, such that br2(A -1) < (L), then there exists a simple SAAp(t, k, v). We present some applications of this theorem, namely to the Alltop's 5designs, in Section 3.
The main result
The following lemmas will be useful. Lemma 1. Let S = (P, B) be an $(t, k, 1) and let X be an x-subset of P, then the number of blocks of S contained in X is less than or equal to
Proof. The result is easily obtained by counting in two ways the number of pairs {T,B}suchthatt=JTI, We choose the identity on B, for ul. Let us suppose, by induction, that for some n > 1 there exists oi E Sym(Bi) (i = 1,2, . . . , n -l), such that the designs S;, s;, . . . 9 S,!_, are mutually disjoint, and let us prove that there exists a, E Sym(B,) such that SA = (B,, Bc) is disjoint from each of the Sl (1 =G i s n -1). For every i, j Cb, wenotemq=IBiflBjl andforeachi=1,2,...,n-1 (resp. i = n + 1, n + 2, . . . , b), let r, be the number of blocks of Sf (resp. Si) which are contained in B,. Applying Lemma 1 to the designs !$ (i = 1, 2, . . . , n -1) and Si (i = n + 1, n + 2 1..', b), we obtain n-1
Now applying Lemma 2 to S, we get
We remark that if S is a trivial design S,(t, 1, I + 1) with A = 1 -t + 1, then the condition obtained in [3] is slightly better than the inequality required for our theorem. This is due to the fact that, in this case, one can use the exact value of the numbers rij instead of the upper bound given by Lemma 1.
New t-designs
Let us remark that the number of points of S does not appear in the inequality b'2(A -1) < (k) of Theorem 1; therefore, if we can apply this theorem with two t-designs S' and S, we can also apply it to S' and every t-design having the same parameters A. and k as S. In this section, we give some applications of Theorem 1.
(1) In [l] , Alltop constructed a simple S,(5, 2n-' + 1, 2" + 2) with il = (2n-1 -3)(2"-2 -l), for each IZ 2 4; we will denote this design by S,. Let IZ 2 4 and let us construct the design SL,, whose points are the points of S n+l and whose blocks are the sets B U {x} where B is a block of S,,, and x $ B is a point of S,,,. Sk+, is an S,(5, 2" + 2, 2"+i + 2), where
= 2(2" + 1)(2"_' + 1)(2"_l -1).
S' n+l contains repeated blocks because S,,, contains two blocks intersecting in 2" points. In fact, by examining Alltop's construction, it is not difficult to see that for every block B of S,,, there exists exactly one block B' such that IB n B'I = 2". We would like to apply our theorem to the designs S,, and SA+l; the condition b'2(A -1) < (L) now becomes
. . . -y+l -3) < (2" + 2)(2" + 1) (2n-l+ 2) (2n-l+ I)2"_1. . . 1 .
The second member of this inequality can be seen as the product of 2"-' + 1 factors greater than 2; it is thus greater than 22"-'+'.
The left member is less than 27n+4; thus this condition is satisfied if 7n + 4 < 2"-' + 1, i.e., if Iz 2 7. It is easy to compute that it is also true for n = 6, but it is false for IZ = 4 or it = 5. We thus have the following result: 
i=l
The function f(n) is given by the successive applications of the condition appearing in Theorem 1. It is impossible to obtain an explicit expression for f(n). After some easy but tedious calculations, one can see that f(n) > 2"-'/3 for large values of n.
(2) Theorem 1 can also be used to prove the existence of many t-designs with t s 4. For example, if S' is a projective plane Si(2, n + 1, n2 + n + 1) and if S is a 2-design S,(2, n* + n + 1, v), there exists a simple S,(2, n + 1, v) if This condition is equivalent to A< ( n*+n-1 n-l )/ (n* + n + 1) -1, which is satisfied, for example, if A <nnP4, so that a projective plane can be placed on the blocks of any S,(2, n + 1, v) with a reasonable value of A in order to construct a simple design.
